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ABSTRACT

Variants of two basic infinite games of perfect information are studied. A .no-
tion of continuous strategy for the player .S (Size) is shown to be related to
a notion of convergence norm for sequences of reals. With each such norm,
a variant of each of the basic games is associated in which the size player has
to see that each play obeys the norm. Restriction to choose only rational
numbers is also imposed on .S. Some games are completely solved, and in this
case S has a winning strategy iff his set includes a perfect subsst, and D has
a winning strategy iff S’s set is at most denumerable. Some other games, in
which S has to choose only rationals and obey a norm, induce a hierarchy
structure on the class of nowhere dense perfect sets, that is embedded cofi-
nally in the lattice of infinite sequences of integers modulo finite differences.

0. Introduction and results

Infinite two person games of perfect information over the real line were first
introduced and studied by Banach and Mazur, and were subsequently modified
and studjed by various authors. See [2] for further references. Here we study a
family of variants of two such games that were studied in [1].

Let X be a subset of R, the real line. We associate with X two basic infinite
games of perfect information, I'’(X) and I’’(X), played by the two players S
(Size) and D (Direction) as follows [1]: S chooses a real number s,. Once s, is
determined, s,., = s, + &,X,, where x, is a positive number chosen by S, and
e,€{ — 1,1} is chosen by D. In the game I'’(X), D chooses ¢, first, and then S
chooses x,. In I'S(X) roles are interchanged: S chooses x, first, and then D chooses
¢,. The sequence s = (s,: n <w)isa play inthe game. S wins if s is con-
vergent, and its limit — the outcome of the play — belongs to X.

It is shown in [1] that I'’(X) is a win for D if X is discrete, and a win for S
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otherwise. It is also shown there that I'S(X) is a win for D if X is at most de-
numerable, and that if I'(X) is a win for S then X includes a perfect subset.

This article includes a completion of the solution of I'°(X). We show that
I'*(X) is a win for S if X includes a perfect subset (Corollary 4.9), and that if it is
a win for D then X is at most denumerable (Theorem 5.8).

Our main purpose is to study some games obtained from the basic games by
imposing certain restrictions on the way that S is allowed to play. We consider
restrictions of two kinds: size restrictions and continuity restrictions.

By a size restriction we mean a restriction imposed on S to play so that the
elements s, constructed through a play belong always to a given countable dense
set Q. Q should satisfy the condition that for every seQ and every xeR
s+ xeQ iff s —xeQ. This is needed in order to enable the play in I'”® to be
carried on. We conveniently take Q to be the set of the rationals, but all our
results hold for any other set satisfying the above requirement.

The notion of a continuity restriction arises by an analysis of the notion of a
continuous strategy for S in these games. It is natural to say that a strategy ¢ is
continuous if the outcome of every play where o is used can be approximated by
a finite segment of the play. More precisely, o is continuous if for every play
s, n{w) where g is used and every & > 0, a natural number N exists so that if
{sp: n {w) is another play where ¢ is used, and if s, =s, for n < N, then
|1im Sn —lims,:l <e. 0 is uniformly continuous if the number N depends only
on &.

A strategy for S in our basic games is actually a labeling ¢ of the full binary
tree 2* by reals, that satisfies certain conditions (Def. 2.0), one of them being that
the sequence of reals obtained by restricting ¢ to any path in 2* is convergent.
Thus, with each strategy o for S is associated a mapping & of the set of all infinite
paths in 2* — or, equivalently, of Cantor’s discontinuum C —into R: ¢ maps
every path to the limit of the sequence labeling it. &, considered as a mapping
of the topological space C into R suggests another possible way to classify a
strategy as a continuous one, namely: ¢ is a continuous strategy iff 6 is con-
tinuous. It turns out that in our games, continuity in any of the above senses and
uniform continuity do all coincide.

By a convergence norm (con) we mean any sequence a4 = {q,:n < w) of
positive real numbers such that a,,; < a,and lima, = 0. We say that a sequence
of real numbers s = {s,: n <) obeys the con a if for every n,m,m’'ew, if
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n £ m,m’ then ]s,,, - sm»l < a,. We show next that a strategy ¢ for S is con-
tinuous iff all the plays consistent with ¢ obey some fixed con a. The continuity
restrictions we impose on § are nothing but such convergence norms.

We consider the following games:

J2(X) (,T5(X)) is the same as T'°(X) (I(X)) except that S loses any play that
does not obey the cona.

TP(X) (I8(X)) is played as follows. At the beginning, S chooses a con a. Then
he chooses s, and a play <s,: n < @) is then constructed as in I'’(X) (I"*(X)).
S wins iff the play s obeys a and its cutcome belongs to X. D wins otherwise.

Each of the above games gives rise to another one, obtained from it by further
restricting S by the size restriction, i.e., by making S lose any play s = <{s5,: n < @)
such that for some n, s, ¢ Q. This new game is denoted as its ancestor, except that a
subscript Q is added. Thus, for example, ,J'5(X) is the same as I'S(X) except
that S is restricted to move so that always s,€ Q, and loses any play that does
not obey a.

We say that a set X is g win for S(D) in one of these games if S(D) has a winning
strategy in the corresponding game. Each of our games partitions the power set
of R into three: the class of all sets X such that X is a win for S, the class of all
sets X such that X is a win for D, and the class of nondetermined sets. We call
two games equivalent if they define the same partition. Once the partition is
shown to coincide with a familiar one, we say that the game is solved.

Our results are summarized in Table 1. We use the following abbreviations:

S(X): Xisawinfor S

D(X): XisawinforD

N(X): X isat most denumerable

P(X) : Every perfect set P has a perfect subset P’ such that P' N X = (.
I(X) : X is of the first category.

P(X) : X includes a perfect subset,

1t is clear that P(X) implies: not P(X) and P(R — X).

Because of obvious implications, only the boxes marked with an asterisk need
to be proved. Whenever those appear in the text, their consequences are stated
in subsequent corollaries.
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TaBLE 1
X | N(X) S D(x)
The game

P S(X) D(X)*® P(X)"D N(X)

0 S(X) D(X) P(X) N(X)
TP S(X) D(X) P(X) N(X)
8 S(x)¢H D(X) P(X) NX)™
rs S(X) D(X)'® P(X)C® N(X)
r; S(X) D(X) P(X) N9
s 5(X) D(X) P(X) P(X) & I(X)

5 SxX)» D(X) P(X) PX) & I(X)"10
T3 S(x)¥ D(X) P(X) I(X)
I Depends ont™ D(X) P(X) I(x)"'?

aand X

Remarks and open problems

Let ZF denote Zermolo-Frankel set theory without the axiom of choice AC,
ZFC is ZF + AC, and CH is the continuum hypothesis.

1. All the results stated in Table 1 are theorems of ZF.

2. TP is equivalent to F’Q’ and in both games, X is a win for S if it has an
accumulation point, and a win for C otherwise [1].

3. All the games completely solved are equivalent, except those mentioned in
Remark 2. These are the games I'?, I'g, ,I'°, ,I'J, I'® and Tj. In each of them,
X is a win for S iff X includes a perfect subset, and is a win for D iff X is at most
denumerable. The first half of the last statement, holds for all the games listed
in Table 1 except ,I" 5 and if X is denumerable, then X is a win for D in all these
games, If neither X nor its complement include a perfect set, then X is non-
determined in any of the games of Table 1 (Corollary 5.15; compare [ 2, Th. 1]).

4. Solovay [4] showed that, assuming the existence of a strongly inaccessible
cardinal, a model of ZF exists in which every uncountable set of reals includes
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a perfect subset. It follows that one cannot prove in ZF that there is an uncountable
X such that X is a win for D in either of I, I} or}[". On the other hand, it follows
from ZFC + CH that there is an uncountable X such that fg(X) is a win for
D [3]. The existence of such an X for T or ,'%is an open problem (see Remark 6).

5. We shall prove the following two facts concerning al"z:

() Let X be a perfect set. Then there is a con a such that al"S(X) isa win for §
(Theorem 4.8).

(b) Leta be a con and X a perfect set. Then there is a perfect subset X’ of X
such that ,J'5(X") is a win for D (Theorem 5.5).

Let us denote by (a,X) = (a’, X') the following statement: aFg(X) is a win for
Siff ,T5(X") and ,T5(X) is a win for D iff , T3(X") is a win for D.

Define an equivalence relation E ontheset of cons by: a E a’ iff for every X,
(a,X) = (a’,X). Denote by [a] the E-equivalence class of a. The set of all E-
equivalence classes is partially ordered by:[a] < ;[a’] iff for every X, if I"S(X)
is a win for D then FQ(X) is a win for D.

For cons a,a’ we put a <, a' iff for some n,n’ € w, a,,, < a,',, for all ke w.
Let E' be the equivalence relatjon defined by: a E'a’ iffa <,a’ and a’ <, a, and
denote by ['a] the E’-equivalence class of a. <, naturally partially orders the set
of all E'-equivalence classes.

One can show that E’ refines E, i.e., for every con a, ['a] =[a], and that for
any two cons a, b, ['a] £, ['b] implies [a] <, [b].

ProBLEM 1. Are E and E’ equal ?

Dually, define an -quivalence relation F on the power set of R by: XFX' iff
for every con a, (a,X) = (a,X’). Let [ X] denote the F-equivalence class of X.
Partially order the set of all F-equivalence classes by: [X] <3 [X'] iff for every
con a, if FQ(X) is a win for D then also .5 o(X") is a win for D. This order induces
a hierarchy structure on the power set of R. By (a) and (b), this hierarchy is non-
trivial. Moreover, one can show that the lattice of sequences of positive integers
modulo finite differences is embeddable cofinally in the set of E’-equivalence
classes partially ordered by <,. It follows (using AC) that our hierarchy, even
when restricted to perfect sets, embodies ascending chains of length at least w,.

Observe that [ X] <5 [X'] means that X" is ““thiner’’ than X (in fact, X' = X
implies [X] <3 [X']). It is easy to see that every set X with a nonempty interior
is a win for S in ,T3(X) for every con a; thus, these sets do all belong to the < -

minimal F-equivalence class.
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ProBLEM 2. Is there a set X of positive Lebesgue measure such that al"g(X)
is a win for D ?

Of course, it is sufficient to consider only perfect nowhere dense sets X.

6. Concerning the role of D in the games ,I" and I, we know that X is a
win for D for every denumerable X. (This follows from [1, Th. 2]. A direct
simple proof is actually presented here, Lemma 5.1.)

ProBLEM 3. Assume that -T5(X), or even that T(X), is a win for D. Does it
follow that X is at most denumerable ?

The answer is not known even if CH and AC are assumed (compare Remark 3).
All we can say at present is that, under each of the above assumptions, X is of
the first category and does not include a perfect subset (hence, of measure zero,
if measurable). If I(X) is a win for D then, moreover, every perfect set has a
perfect subset disjoint from X. If ,T°(X) is a win for D, all we can say is that
every perfect set has a subset of the power of the continuum disjoint from X
(Corollary 5.14).

The paper is organized as follows. In §2, the various notions of a continuous
strategy for S are shown to be equivalent. The relation between such a strategy
and a con is established. All statements included in the third column of Table 1
follow easily, an exception being (*8), which is [1, Corollary 2].

In §3, we study some auxiliary open games played by D and S. We obtain some
technical results that are used in the sequel.

Section 4 is dedicated mainly to prove the assertions of the first column of
Table 1, except (*4). (*1), (*2), and (*3) are respectively Lemma 4.4, Theorem 4.8
and Theorem 4.7. The proof of (*3) is based on an idea of Jan Mycielski. (*2) is
actually (a) of Remark 5.

In §5, the other statements are proved. One exception is (*6), which s [1, Th. 2].
Another proof for it is given in [3]. (*4) follows from the more precise statement
(b) of Remark 5 and from (*2). (b) is actually Theorem 5.5.

This paper is based on portions from the author’s dissertation, prepared at the
Hebrew University. I take this opportunity to thank my advisor, Azriel Levy,
for his kind supervision. I am indebted to Jan Mycielski for many helpful remarks,
and to Saharon Shelah for interesting suggestions and conversations.

1. Notation

0,0,0*, R and R* denote respectively the set of natural numbers, the set of
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rationals, the set of positive rationals, the set of real numbers and the set of
positive reals. An ordinal number is identified with the set of his predecessor.
If A, B are sets, ]A | denotes the cardinality of 4, and A4 — B is the set theoretical
difference of A and B.

If Aisaset,n < w, then A is the set of all sequences of order type n of elements
from A. A* = U, A" If £€ A", we write I€ = n. If £,ne A%, then £ - 5 denotes
the concatenation of ¢ and 5. & < if for some ne d*, { = &-n. For ge A"
(n Lw)ae Hké,,A" is defined by: d@(k) is the restriction of « to k. Thus, if k < o,
k £ la, then a(k) = <a(0),---,a(k — 1)>. P < A* is a path if P is a maximal
subset of A* linearly ordered by <. A is considered also as a topological space.
The topology is the one generated by the sets U,, € A*, where U, = {ae A:
a(le) = &}

If A < R, then 4 is the closure of A, int A4 is its interior, CON A is the convex
hull of 4 and mA is its Lebesgue measure. If A,B < R, A < B means a < b for
allaeA,beB,A+B = {a+b:aecAd,beB}. A<b, A+ b stands for 4 < {b},
A + {b}, etc. The distance between A and B is denoted by d(4, B), and defined
by d(4,B) = inf{la - bl :ae A, be B}. We write d(s, A) for d({s}, 4).

A convergence norm (con) is a sequence a = {a,: n < w) of positive numbers
such that a,,, < a, and lima, = 0. s = {(s,: n < w) € R® obeys the cona if for
every n,m,m'ew, n £ m,m’ implies |sm - s,,,z] <a,.]

2. Continuous strategies for S

DEerINITION 2.0. A strategy for S in T? (I') is a mapping o: 2* — R that
satisfies:

(0) <o(a(n)): n < w) is a convergent sequence for every o € 2.

(1) a(¢ - <0)) < o(&)< a(& - (1)) for every £ e 2%,

(@ () —a(¢ - <0D) = a(¢ - <1}) — a(¢) for evey {€2*.)

A strategy for S in ')(I'§) is similarly defined, except that now o is a function
from 2* into Q.

Let o be a strategy for S. Then &: 2° —» R, L(6) < R and P(¢) c R® are defined
as follows:

d(0) = limo(a(n))
L(o) = {6(a): 2 €2}
P(o) = {(o(@n)): n < w): ae2®}.
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& is the outcome function, L(c) is the set of outcomes and P(¢) is the set of plays
associated with o.

@ is a winning strategy in T°(X), I'S(X), TQ(X) or ['y(X) if it is a strategy for
S in the corresponding game and L(o) < X.

Let ¢: 2* — R satisfy (0). Then & is well defined. We say that ¢ is continuous if
&:2°— R is continuous.

Let o: 2* - R be any function. We say that ¢ is uniformly continuous (u.c.) if
the following holds: For every ¢ > 0, there exists a natural number n such that
for every £€2%, {, {'e2* |o(¢- () —0o(¢ - 0)| <e.

It is clear that if ¢ is u.c., then (0) is satisfied, so ¢(«) is well-defined for every
e 2%,

Note that every strategy for S in T5(T'3) is also a strategy for S in T°(I'p).

LemMA 2.1. Let o be a strategy for S in FD(FZ). Then ¢ is continuous if and
only if o is uniformly continuous.

Proor. i) Assume that ¢ is continuous, and let ¢ >0 be given. We shal
find n e w as required in the definition of u.c.

Forae2®putV, = {a' €2%: ]&(oc’) - 6(oz)| < ¢}, Let n, e o satisfy:
Uf., < V,. Since ae Uy, ), {Usn,y: €2} is an open cover of 2°. Thus there

are o, -+, 0,1 SO that

™ 2= U Uya -
0gi<k !
Put n = max{n, : 0 < i < k}. We claim that this n satisfies the requirements.
Assume that £€2", {, {’€2*, and a(¢ - {') — o(¢ - ) = ¢. Define By, B, €2” by:

Bl +10) = &-(, PBo(m) =0 for m 2 I+ 1
BE+10) = &0, Bo(m) =1 for m 2 I&+1{".

By (1) of Definition 2.0, we have for m = 1€ + I{, IE + I{’:

G(B1) —6(Bo) > o(By(m)) — a(Bo(m)) Z 0(§ - L) =0l - D 2 e

On the other hand, since ¢ 2", we must have, by (¥), &n, ) <¢ for some i,
0<i<k Thus, Us,c Uai(m,.) cV,. But Bo,BieU,, so (B~ dBo) =
< 15(131) - 6(oci)| + |&(<x,~) - 6—([30)| < g, a contradiction.

ii) Assume that ¢ is uniformly continuous. Let « € 2°, & > 0 be given. Pick n so
that for £€2", {,{'€2*, |o(¢ - ') — o(¢ - {)| <3e. Then for every a € Uy We
have;

I
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|6(a") — ()| = |limo(@ (m)) — lim o(@(m)) |

< lim Ia(&’(m)) - a(&(m))l Sle<e.

nZm O

Observe that we have shown, in fact, that if any ¢: 2* —» R is uniformly con-

tinuous, then & is continuous. The other direction need not be true, and (0), (1) of

Definition 2.0 are needed for it. (0) alone is not sufficient as the following example

shows. Define o:2* - R by o({0>" - (1)) = 1, ne w, and o(£) = 0; otherwise,

&(x) is defined and equals 0 for every a € 2%, so & is continuous but it is clear that
o is not uniformly continuous.

LemMa 2.2. Let o be a continuous strategy for S in I'°. Then L(c) is a
compact perfect set.

Proor. Since & is continuous, L(o) is compact. We have to show only that
L(o) has no isolated points. Let ¢(«) be any member of L(s), and ¢ any positive
number. By Lemma 2.1, we may assume that ¢ is u.c. Let n satisfy: if £e2",
{,{"e2* then |o(¢- )~ o(¢ - ()| < de. Define Bo,p,€2° by Po(n) = By(n)
= da(n), fo(m) =0, B,(m) =1 for m = n. Then 6(B,) < 6(B,) (by (1) of De-
finition 2.0) and they both belong to (6(a) — &, 6(x) + &). O

COROLLARY 2.3. If S has a continuous winning strategy in any of I'’(X),

TZ(X), r’x), FZ(X), then X includes a perfect subset.

The relation between continuous strategies for S and cons is stated in the next
theorem.

THEOREM 2.4. Let ¢ be a strategy for S in T°. Then ¢ is continuous if and
only if there is a cona such that every s in P(c) obeys a.

Proor. i) Assume that ¢ is a continuous strategy for S in I'’. By Lemma 2.1,
o is u.c. and hence the following definition makes sense: p, is the least number
ne w such that for every £e2"and forevery {,{’ e2¥, Ia(C)—a(C’)I <1/(k+1).
Define now: ng = pg, Wiy = max{m +1, pes}, bo =1+ max{|s —s"|:

s',8"€ L(0)}, b, = 1/k for k> 0. Lastly, define the con a =<a,: n < w) as
follows:

a, = bo 0 é n< hy
a, = byyq M SN <M.
It is clear that every s e P(c) obeys a.

ii) Assume that @ = {a,: n < ®) is a con such that every se P(c) obeys a.
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Lete> 0,5€2” be given. Let new satisfy 2a,<e. We claim that U,, <
&-1 (6(a) — &6 () + ¢) and hence, ¢ is continuous. Indeed, assume that
« €U, Then, since both {o(a(m)): m < w) and {a(@'(m)): m <w) obey a,
we have, for m = n (recall that &(n) = &'(n)):
|o(@(m)) — o(@m))| < |o(@'(m) — 0@ )| + | 6(&(n)) — o(@m))| < 2a,,
hence
|6() — 6(@)| = lim | o(@'(m)) - o(@(m))| = 24, <.

g

COROLLARY 2.5. Let o be a strategy for S in either of the games T’°, T g, T, T'g.
Then o is continuous iff for some cona, every element of P(c) obeys a.

COROLLARY 2.5 justifies the somewhat loose statement, that T2(X), ['5(x), I¥(X),
é(X) are obtained respectively from I'’(X), T, S(X), r’x), T, S(X) by imposing
on S the restriction to use only continuous strategies.

3. The games G(X;s;n) and Gg(X;s;n)

We study here a family of auxiliary open games which are the main tool in our
subsequent study of the variants of I'°.

Let X be a set of real numbers, se R and n £ w. The game G(X;s;n)
(Go(X;s;m)) is played by S and D as follows. S chooses xoe R* (xo€Q*) and
then D chooses g,e{ — 1,1}; S chooses x; € R* (x;€Q*) and then D chooses
g,e{—1,1}, and so on. Put s, = s + X<, &%;. S wins if for some 0 < k < n
k < w, sy X. D wins otherwise.

A neat solution of the games G(X;s;n), Go(X;s;n) is formulated in terms of
two operations on the set of reals that we define now.

DeriNiTION 3.0. Let X < R. Then:
TX = {3(x’' +x"): x',x"€ X}
ToX = (3(x' +x"): x",x"e X and x' —x"€ Q}.
T"X, TeX are defined for 0 < n < w by:
TX = TyX = X.
"X = TT'X. T3 X = T,TgX.
™X = U T'X. T¢X = U TgX.

1<® n<w
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p(s), pg(s) are defined for se R by:
p(s) = min{n: se T"X} if se T°X
po(s) = min{n: se Ty X} if se TgX
p(s) = w(pg(s) = o) if s¢ T*X (s¢ ToX).
From Definition 3.0 one easily derives:

ProposITION 3.1. (i) If p(s)=n + 1 (po(s) = n+1) then for some
xeR*(xe Q"), max {p(s + x), p(s — x)} < n (max{py(s + x), po(s — x)} < n).

(1) If p(s) = n+ 1 (pg(s) = n + 1) then for every xe R* (xe Q*) there is an
ee{ — 1,1} such that p(s + ex) = n (py(s + ex) = n).

(iii) If p(s) = w(pg(s) = w) then for every xeR™ (xeQ') there is an
ee{ — 1,1} such that p(s + ex) = o (py(s + ex) = w).

THEOREM 3.2. G(X;s;n) (Go(X;s;n)) is a win for S if se T"X (se Ty X)
and is a win for D otherwise.

Proor. Optimal strategies for S and D are suggested by Proposition 3.1.
We shall give the proof for G(X ; s; n); the proof for G4(X;s;n) is its ““Q-analog™.

Assume that se T"X. If n = 0 then s € X and hence s, € X always, so the game
G(X;s;0)isawinfor S.If 0 < n, we may assume n < w, and by Proposition 3.1 (i),
S can choose xeR™ so that p(s + x), p(s — x) < n. Continuing this way, he
enters X in at most n moves.

Assume that s¢ T"X. If n < o, Proposition 3.1 (ii) tells us that for any xe R™*
chosen by S, D may findge { — 1,1} so that p(s + ex) = n. Continuing this way,
D may avoid X during the first n moves, and hence G(X;s;n) is a win for D.
If n = w, Proposition 3.1 (iii) tells us that D can ensure that s, ¢ T“X for all
k < w, and thus, again, G(X;s;n) is a win for D. a

Two special kinds of X will interest us later; first, X is a union of two intervals,
and second, X is finite.

Assume first that X = X, U (X, + d) for some X, = R, deR. Then

2 k
T'X 2 U Xo+ -:d
k=0 2

and if deQ, then TpX = U (Xo +k/2"d). Hence, if g is an open interval,
mg=a>0,deQ" andX = g U (g + d), then for n such that 2"a > d we have:
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T, X = CONX.
Using Theorem 3.2, we get:

Lemma 3.3. Let g, g’ be nonempty open intervals. Then there is a natural
number n such that for every se CONX, Gy(g Ug';s;n) is a win for S. The
least such n is denoted n(g,g’).

Next we want to show that if X is finite and X’ is obtained from X by moving
each of its elements by no more than 4, then also T"X is obtained from T"X
by moving each of its elements by no more than .

Let y, be a real variable for each n < w. Define an increasing chain %" of sets
of real valued functions by #° = {y,:n<w}, F**' = J(f' +1"): f.f eF"}
and F° = U,<o%". For fe#°, sup(f) c w is defined by: sup(y,) = {n},
sup (3 (f +f")=sup (f) Usup("). If X={xo,",%—;} < Risa finite indexed
set and feZ® sup(f)={0,--,k~1} =k, then f(xy,: -, %,_y) is the real
number obtained by substituting x; for y; in f. PutF; = F" N {f : sup (f) < k}.

One proves by induction

ProOPOSITION 3.4. i) If fe #"then0< |sup(f)l < 2"

(i) If feF" and sup(f) = {ig, -, ix_1}, then there are positive natural
numbers mg, -+, m,_, such that Xo<;c,m; = 2" and

m m -
f= —2‘%)’:'0‘*‘""*' é‘,,l)’i,‘_1
(iii) F is finite for n,k < w. In fact, | 9",:'[ = (2k —_i- f h 1) .

(iv) If x = {xq,"*, X—1 =R is a_finite indexed set, n < o, then
T"X = {f(xq,***s X 1): f€F 4}

Lemma 3.5. Let X = {xo,--',X;_1} be a finite indexed set, 6 >0, n <w be
given. Then

™y [x=-8,x+6]= U [x—96,x+9]

xeX xeTnX

ProOF. i) Assume that s’e T" U, x[Xx — 6,x + 8]. By Proposition 3.4 (iv),
there is an f e %y, x/€ Uxex[x—é,x+5], 0 £ i < k,suchthat s"=f(x{, ", Xp—1) -
Moreover, f and x; can be chosen so, that x;e[x;—9, x; + 8], 05 i < k.
Assume it, and put s = f(x,,'**,%,~1).- By Proposition 3.4 (ii), there are
Ao,y -y SO that 0 £ a;, Y1 =1, and [ = agyo+ -+ + G-y - It
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follows that |s—s'| = IEoékkai(xi—x;)l £, Xocicra; =90. But seT"X,
50 5'€ Userx[x — 8,x +0].

ii) Assume that s’e[x — 6,x + 6] where xe T"X. Then s’ = x + &’ for some
— 8506 £6. Let feF; satisfy x = f(xg, *+, X4—1), and assume that
f=aoyo+ -+ @_1Vk-1, 0= a;, Togick@ = 1. Let x/e[x; — 8,x; + 6] be
defined by x; = x; + 6". Then f(xq,",%i- )€ T" Uosi<k[*i — 8,x, + 6] and
S5+ x5 1) = ag(xo + 8" ) + - + @ 1(Xp—y +8")j=f(x0, =+, X)) + 6’ =
=x+4+06" =5 Thus, s’e T"U,cx[x - 8,x + 5] 0

4. The role of S

In §2, it was shown that if X is a win for S in any of our games where he is
allowed to use only continuous strategies, then X must include a perfect set.
Here we shall show that the converse is also true, an exception being the games
,,I‘Z(X), that are treated in the next section.

DeriNITION 4.0. A binary-interval-system (bis) is a function J defined on 2*
whose values are closed nonempty intervals satisfying:

J( - <0D), J(E - <) < J(©)
J(€ - €0)) < J(E - <1}).
The kernel of a bis J, KJ, is the perfect set defined by:
Ki=(n UJO.

n<gp Se2n
We say that a bis J obeys a con a = {a,:n< w) if for all ne w, £€2™:
mJ(¢) < a,.

Observe that if J is a bis, then intJ(£) # & for all £ew, and d(J(¢ - (0)),
JE-{))>0. Also, if s=<{s,:n<w)>eR® satisfies, for some «e2°
s, € J(@(n)), and if J obeys a, then s obeys a.

DerINITION 4.1, Let X < R. Then H(X) denotes the set of all real numbers s
such that foreverye >0, (s—e,s) NX #J and (5,5 +e) N X # .

LemMA 4.2. Let X be a perfect set.

i) Ifaisacon,J is a bis that obeys a, and for every £ € 2* the endpoints of
J(&) belong to X, then K < X.

i) H(X) < X, HH(X)) = HX), and X — H(X) is at most denumerable.

iii} For every con a there is a bis J such that J obeys a and for every £ e 2*,
the endpoints of J(£) belong to X.
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Proor. i) Observe that KJ = U, ¢ 2"Nn<,J(@&®n)). Since J obeys a, (M, < ,J(@(n))
is a singletone whose only element is a limit of a sequence of elements of X, hence
belongs to X.

ii) We note first that X — H(X) is always at most denumerable [2, p. 325]).
H(X) ¢ X whenever X is closed. H(H(X)) < H(X) is also clearly true of any
X c R. Assume that se H(X) and &¢>0. We know that (s —g,5) N X # .
But X is perfect, so (s — &,5) N X has the power of the continuum. It follows that
(s — &3) NH(X) # . Similarly, (s,s + &) N H(X) # . Thus se H(H(X)).

iii) Define by induction on n a, b, for £€2" as follows. a,,b, e H(X) are
arbitrary elements so that 0 <b, —a, <a,. Assume that a,, b, are already
defined, 0 < b, — a;, a;, b€ H(X) for {e2". By H(H(X)) = H(X), we can find
ag. (1ys bg.coy € H(X) so that ag < bg. oy < ag.¢1y < bgand by. oy — ay,
by — as. (15 < @yyq. Put also ay. oy = ay, by (yy = by. Clearly J(&) = [ag, b;]
is a bis satisfying the requirements. 0

DerNITION 4.3. Let J be a bis and assume that J(§) = [a,,b,], £€2*. Then
Fis the function defined on 2* whose values are open nonempty intervals given by:

Fy&) = (bg + 0y G - <1>)-

Thus, F,(&) = J(&), and {F;(£): £e2*} is a disjointed family of open intervals
included in CON KJ and whose union is disjoint from KJ.

We shall now prove assertions of the form “‘if X is perfect, then X is a win
for S in a certain game’’. In each instance we shall actually present a strategy o
such that for a suitable bis J that satisfies the conditions of Lemma 4.2 (i),
KJ = L(¢) (see Definitions 4.0, 2.0).

LemMa 44. If X is a perfect set, a a con, then QFZ(X) is a win for S.

ProoF. Let J be any bis that obeys a such that the endpoints of J(¢) belong
to X for all ¢ € 2*. A winning strategy for S is any function ¢: 2* — Q that satisfies
a(&)e F(2).

g

CorOLLARY 4.5. If Xincludes a perfect set, then any of ,I'Y(X), ,I'’(X),
X)), T(X) is a win for S.

The state is different in the case of the variants of I'*. The analog of Lemma 4.4
does not hold. If, however, we either release S from the size restriction or keep
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this restriction but let him choose the con a, then he has a winning strategy for
every perfect set. The next proposition will be used in the proof of the first of
those results.

ProposiTioN 4.6. Let {t;:{e Uogrsn2"}, {tr: L€ Uosrsn2"} be two indexed
systems of real numbers satisfying:
te = Htr-coy + tocy)s 10 =30y + 0 cry)s K<

If for every £€2%, |t/ — t;] < 8, then for every { € Uogiza2 |t; — #;| < 6.

The proposition is proved by a straight-forward induction on n.
TueoreM 4.7. If X is a perfect set, a is a con, then ,JT°(X) is a win for S.

Proor. Let J be a bis satisfying the conditions of Lemma 4.2 (iii). For every
£e2*, I < n, define ¢, , as follows:

t,¢ is an arbitrary member of J(¢).
(*) tewrr = e coyn + Lee c1y 0)-

One shows by induction that #;,eJ({) for every n, I{ < n. It follows by
Proposition 4.6 that for Ié £ n < m,m’, we have (since J obeys a):

‘té,m - tf‘m'l < a,,.

In particular, <t ,: 1 < n <) is a convergent sequence for every ¢ e2*. Put

**) o(&) = lim # .

We have to show that (1), (2) of Definition 2.0 are satisfied. Since ¢, ,e J({) for
f€2*, lC é n, we haVeZ tg. <1>n_t§.<0>’n ; d§> 0 fOI‘ n ; lé + 1, Where
de = d(J(£-<03), J (£ - {1})). Hence also o(& - (1)) — o (- <0)) > 0. Also, by
(*), (**) 6(&) = 3(a(¢ - €0)) + a(& - {1))). It follows that (1), (2) of Definition 2.0
hold, so ¢ is a strategy for S in I,

O

Observe that the strategy o given in the last proof is uniquely determined by
the bis J, i.e., it is independent of the choice of the elements ¢, ,x in J(£). It is
possible, given a perfect set X, to construct J so that J obeys a, KJ < X, but so
that the associated ¢ will take no rational value.

TueOREM 4.8. If X is a perfect set, then fé(X) is a win for S.
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PrOOF. Let J be a bis that obeys, say, thecon {1/(n +1): n <w) and such
that KJ < X. For every &e2*, put
ne = n(FH&-<03), Fy(&-<1))) (see Lemma 3.3, Definition 4.3)
p, = max{n,: £e2"}
k, = X p,.

isn

Define a con a by:

a, = n-}-l for k, sm<k,yy.
(This means that if £ 2", then S is able to make at least p, moves in J(£) without
violating a).

By Lemma 3.3, S has a winning strategy in Gy(F (¢ - <0>) U F,(£ - {1));5;p,)
for every £e2* and seF,(&) c CON(F,(&-<0>) UF,(&-<1})). A winning
strategy ¢ for S in I'§(X) is the following one: S chooses a as his con, and any
rational sy = s,€ F (). Then he follows his winning strategy in the game
Go(F(K03) U Fi({13); Sy po), and falls after at most k, moves into
5,, = Sy €F,({e)) N Q, 1y £ ko, for some e€2. It is clear that for 0 £ j <7y,

s;€ CON (F;(K0>) U F,(K1))) = J(¢). Assume that for €2, r,oy £ Kk, -1,
Sp,_, = Se€F,(§) NQ is already attained. Then S follows his winning strategy
in Go(F(€-<0>) U Fy(¢ - <1); s¢; p,) and reaches s, =s;..,5 € F,(E¢e)) N Q in
at most p, moves which all lie in J(§). Thus r, £ k,. It is clear that ¢ is a winning
strategy for S in al“SQ(X), since P(o) (see Definition 2.0) includes only sequences

that obey a. It follows that I'§(X) is a win for S. a

COROLLARY 4.9. If X includes a perfect subset, a a con, then any of ,I°(X),
52X, T3(X), T%(X) is a win for S.

5. The role of D

We prove here results of two types. Results of the first type state that a certain X
is a win for D in a certain restricted game. Results of the second type state that if
X is a win for D in some game, then X is not too big. We start with results of the
first type. The following notions are useful.

DerINITION 5.0. If z,5e R then ee { — 1,1} is a recoil from z at s if (s—z) - 20,
If a = {a,:n < w) is a con, ne R*, then g, (1) is an open interval, defined by:
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4) =R, and if In=n, seR, then g,n <) = g,(n) N(s — a,,5 + a,).
n = {8, 55,1y obeys a if s;€ g, (ij(i)) for i < n.
Clearly, se R® obeys a iff s(n) obeys a for all ne w.

LemMA 5.1. If X is denumerable, then T'°(X) is a win for D.

ProOF. Assume that X = {z,: n < w}. Leta = {a,: n < ») be the con chosen
by S, and s¢,x, his first move. Then D makes ¢, a recoil from z, at s,. Thus,
S = So + &%, satisfies |s; — zo| = 2bo > 0. Next D picks n,, the least n such
that a, < by, and makes g; a recoil from z, at 5; for i < n,.Assume that s,, -, Sm_,
are already played so that this sequence obeys «, and that x, _ > 0is chosen by S,
Let b,=1x
ats, form_; <i<m.

Assume that a play s = {s,: n < w) is obtained while D played following this

Nic—1

n, =min{n > n_, : a, £ b;}. Then D makes ¢; a recoil from z,

strategy, and s obeys a. We have for m = n, :

Sm € ga(s(m)) = (snk — Gy, snk + ank);
hence, |z, — s, | = b, > 0, and thus the outcome of s does not equal any member
k m q y

of X.
3

CorOLLARY 5.2. If X is at most denumerable, a is a con, then gny of ,I"Z(X),
JPX), T9(X), T2(X) is a win for D.

We mention here that if S is released from any continuity restriction (i.e., in the
games I'”, T'0) then X is a win for D only if X is discrete [1, Th. 1]. By Theorem 5.6
below, Lemma 5.1 cannot be improved.

Rather surprisingly, the scope of D in the games ,I' 5 is much wider. The key
fact is the following one. Assume that {g,: n < w} is any fixed enumeration of Q.

LEMMA 5.3. Let g = {a,:n < w) be a con. For each ne w, let F, be a closed
set. Let k = {k,: n < w) be a sequence of natural numbers satisfying:

™ a, < mg for every component g of R—F,.
(**) q,¢ T "F,.

Let X = (\y<oF,. Then ;LX) is a win for D.

Proor. Assume that S chooses s, = ¢,. By (**) and Theorem 3.2, D has a
winning strategy in G(F,; q,; k,). Following this strategy k, moves, D makes sure
thats, ¢F,.Thus,s, ¢g forsomecomponentgofR—F,.If (Se, = @ >S5 +ax)
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has a positive distance from F,, S already lost the play. Otherwise, by (*), there
is a unique zeF, such that for §>0, 6 =|s, —z| = min {|s,, —z'|: 2’ F,}.
D picks rew, k,<r, so that a, <, and makes ¢ a recoil from z at s; for
k, £ i<r. Let neR* be {so,*>,5,». Since g,(n) = (s, — 4,55, + a,) N (5, — a, ,
S, + ay,), it follows by (*) that g,(n) has positive distance from F, (or else it is
empty), hence again D won the play.
0
REMARK 5.4. Let J*(X) be the same as ,I°(X), except that S is restricted to
choose 5o Q. Lemma 3.3 actually holds for ,I™*(X) instead of . 3(X), as we used
in the proof only the fact that S starts with an element of Q. The same is true
for the next theorem, and this should be compared with Theorem 4.7.

THEOREM 5.5. Leta be a con, X a perfect set. Then there is a perfect subset X’
of X such that ,Y3(X) is a win for D.

Proor. By Lemma 5.3 and Lemma 4.2, it is sufficient to construct a bis J such
that J obeys <{3-": n < w), the endpoints of J(£) belong to X for every & e 2%
and a sequence (k,: n < w) so that (*) and (**) hold, where F, = {J; .;.J(¢).

Let a,, b, € H(X) (see Definition 4.1) satisfy 0 < by — a, <1, g4 ¢[a,, b,].

Put J(F) = [a,,b,].

Let &,,&,,---,&,n-1_ be the lexicographical ordering of 2 "~! Assume that
J(&) = [ag;, b;] is already defined so that ay,byeH(X), 0 <i<j< 2!
implies J(£;) < J(£;), and mJ(E) <377V,

Let S, = {s;: 0 £ i < 2"} satisfy:

0 s;eH(X)

(1) i<jimpliess; <s;

Q) SziSpsr€J(E), 05 i<2™!

(3) S, is linearly independent over Q.

It follows from (3), by Proposition 3.4, that @ N T*S, = J. Define d,, k,, 5, as
follows:

(4 3d,=min{|s' —s"|:5,5"€S,}

(5) k,=min{m:a, <d,}

(6) 28, =min{2d,,min{|q, —s|:se T*S,}}.
By (6), q, ¢SL6JT bes, [s—6,, s+ 6,]. By Lemma 3.5, we deduce:

(D @t T"Uses,[s =0 s +6,)-
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ChooSe NOW dy; - ¢oys byjeay, 0 S i < 2", £€2 50 that:

(8) A, -coys bap oy € HX) NI(E)

9 ag,-coy <52: < bg oy < g1y <Sziw1 <Dbgqry

(10) by ey = g, -e> £ O
and

(11) J(&; . <e>) = [ag," (o3» e, ()

It follows from (4), (5), (6), (9), (10) that (*) of Lemma 5.3 holds, and from (7),
(9), (10) that (**) holds.

a

We turn now to results of the second type, i.e., we try to answer the following
sort of a question:

Given that X is a win for D in a certain game, how thin should X be? All our
results refer to games where S is restricted to choose only rationals, and the
proofs are mostly based on what we call the method of z-sequences. We define,
in each particular case, a notion of z-sequence for each ze R. A z-sequence 7
is a certain finite sequence of rationals; it is some initial segment of a
play where D’s winning strategy is used. Then we show that for each ze X,
a z-sequence exists. It follows that if 4, is the set of all reals z such that  is a
z-sequence, then X < | J,4,, and the union is taken over a countable set. It
remains to find out how small 4, should be. In some cases (,I'g, I'g), we can show
that A4, is at most denumerable, and hence so is X. In the other case (,,I'S), all we
can show is that 4, is nowhere dense, hence X is of the first category.

THEOREM 5.6. Ifal“g(X) is a win for D, then X is at most denumerable.

Proor. Let 7: Q*>{—1,1} be a winning strategy for D in ,I3(X).
N = {qg, ", du—1y €EQ* is a 7t-sequence if for O<i<n, q, = q;-; +
(#(i)) - | q;— %—1!- seR® is a play where D uses t that obeys a iff for all
new, s(n)is a -sequence and s, € g,(s(n)) (see Definition 5.0).

Let z be a real number. Define a one place predicate M, on Q* as follows.
Let n = {qq,***,qs—1y € Q" Then M,(n) if and only if:

(1) nisa1-sequence

(i) gieg,(f(i)) for i<n

(iil) zeg,n).
Observe that M,(n) holds for every neQ® U Q'. Assume that yeQ". 7 is a z-
sequence iff:
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0 M.(n)

(1) for every 6 > 0 there is a g € Q such that |z — ql < dand M,(n - {q))

(2) for every ge Q such that |z — q| < a, and M,(y - {(g) there is a § > 0 so
that if M(n - {g,q')) then |z —q'| = 6.
The theorem will follow from the following two claims.

Cram 1. If no z-sequence exists, then z ¢ X.
CLamM 2. A, = {zeR: n is a z-sequence} is at most denumerable.

Proor oF CLamM 1. Define s 0 as follows. (0) and (1) of the definition of a
z-sequence are true for ¢ . Assume, by induction, that s(n) e Q" is already defined
so that (0) and (1) hold. Since s(n) is not a z-sequence, (2) fails. Hence there is a
g, € Q such that M (s(n) - {q,>), and also (1) bolds for s(n) - {g,>. Put s(n) = q,.
Since M,(s(n)) holds for all n, s is a play that obeys a where D uses T whose limit
is z. Since 7 is a winning strategy, it follows that z ¢ X.

ProoF oF CLAM 2. We shall show that if Iy = n, then every open interval
g’ < g,(n) with mg’ < a, contains at most two elements of 4,.

Indeed, assume that z’,z,z"€ 4,, z' <z <z", and 2" — 2z’ < a,. By (1) of the
definition applied to z, we can find a g € Q such that z’ < g < z" and M, (5 - {(g)).
Since g,(n - <q)) = g.(n) N(q — a,,q + a,), it follows that also M,(n - {(g)) and
M_,.(n - {q). By (2) of the definition, applied to z’ and z”, there are 6’ and 6"
so that for every g such that M,.(y - {q,q D), lz -q | > 6’ and for every
q" such that M,.(n - {q,9")), |z" - q”I = 0", But this is clearly impossible, since
if, say, ©(n - <¢>) = 1, any q’' € g,(n - {¢)) such that |z' - q’| <¢" and ¢’ < ¢q
satisfies M, (n - {q,9").

CoROLLARY 5.7. If any of JT§(X), JL2(X), T9(X), T°(X) is a win for D, then
X is at most denumerable.

THEOREM 5.8. Ifl"g(X) is a win for D, then X is at most denumerable.

Proor. Let 7: Q* x Q* —{ — 1,1} be a winning strategy for D in I'}(X).
For ﬁ = <n0:""nn—1>e(é*)ns (Q* = Q* - {Q})' Put ﬁ =MNo "Ny fp—-1 and
forn’e Q*, n’ # J, (') denotes the last member of y’. Define g(y) for ne (0%)*
by 9(&)=R, and if 7€ (Q*), n’'€Q* then g{n- ("M =g(m) N (t(n")— 1/(n + 1),
)+ 1n+1). 7' =<do, "+ du-1y€Q* is a t-sequence if for 0<i<n,
4 = gi-1 +1(7°(D), f‘h —di-1 I) : l‘h - qi—ll-

Let z be a real number, # = {19, **,1,-1> €(Q*)*. Then M (x) if and only if:
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(i) 4 is a t-sequence.

(i) allentries of #; belong to g(7{i)), i< n

(iii) zeg(n).
ne(Q*)" is a z-sequence iff:

0 M (n)

(1) forevery § > Othereisann’ e Q* such that | t(n’)—zl <dand My(n - <{n'))

(2) for every n'eQ* such that | t(n') — z| < 1(/n+1) and M, (n-{n')) there
is a 6 > 0 such that for every n” e 0%, if M, (n - {n’',n")) then ]t(n") — z[ = 0.

CramMm 1. If no z-sequence exists then z ¢ X,

ProOF OF CLAIM 1. Assume that no z-sequence exists. Define ue(Q*)” as
follows. & = u(0) satisfies (0) and (1). Assume that u(n) is already defined so
that (0), (1) are satisfied- Since u (n)is not a z-sequence, (2) does not hold. Hence
we can pick #, € Q* so that u(n) - {n,> also satisfy (0), (1) and we put u(n)=n,.
Let s € Q® be the unique element that extends Aﬁ( n) for all n. But M, (u(n)) or alln
implies that s is a play in I’ 5 where D uses 1, s is convergent and its limit is z.
Since 7 is a winning strategy, it follows that z ¢ X.

CLam 2. A, = {z: 4 is a z-sequence} is at most denumerable.

PROOF OF CLAIM 2. Assume that € (Q*)". We shall show that no open sub-
interval g’ of g(n) with mg’ £ 1/(n+1) contains more than two members of 4,.
Indeed, assume that z' <z <z', z',z,z eg(p) NA, and z'' — z'<1/(n + 1).
Apply (1) for z to pick an n’e Q* such that M (n - <{n’>) and z’' <t(y') < z",
It follows that also M, (n<{n’'>), M,.(n - {n’}). Let &', §” be as guaranteed by (2)
for z', z" respectively. But (n') e CON((z',z" + ") U (2" — 6”,2")). By Lemma 3.3,
one can find #” e Q* such that {(n")e(z ,z +06 ) U (z2"—96",z") and M, (5 -{n ,n")),

M.,.(n - {n’,n")), a contradiction. 0

COROLLARY 5.9. If any of FZ(X), FS(X) is a win for D then X is at most
denumerable.

THEOREM 5.10. If,,FZ(X) is a win for D, then X is of the first category.

Proor. Let 7:Q* x Q" - {—1,1} be a winning strategy for D in ,,I'z(X).
1 =1 qo>dn_17€Q* is a 1-sequence if for O0<i<n, ¢ = q;-y +

T(ﬁ(i)’lfh — i1 l) L Qi—1l-
“M,(n)”" and “‘n is a z-sequence’’ are defined as in the proof of Theorem 5.6.

So is the proof of
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CLAaM 1. If there is no z-sequence, then z¢ X.
However, by Theorem 5.5, we cannot expect here that 4, will be countable.

CLam 2. A, = {z:1 is a z-sequence} is nowhere dense.

ProoF oF CLAIM 2. Assume that ne Q" Let ze 4,, and let g be any open
interval containing z. We have to find an open nonempty interval g’ < g such that
g' N4, = . We may assume that g < g,() and that mg < a,. Let 5, >0 be
defined by 38, = d(z,R — g) > 0. By (1) of the definition of a z-sequence, pick
q € Q such that |z - ql < 8o and M, (n - {q)). By (2) there is a 6 > 0 such that if
M,(n{q,q')) then |z - q'| = 4. It is clear that § £ 8,. Now define an open
interval g’ by: g’ = {g — x: ¢+ xe€{z — J,z + 9)}. Then g’ = g and for every
q’'e g’ N Q we must have M, (1-{q,q'>). It follows that g'n 4, = .

O
CoroLLARY 5.11. If any of LX), JJ5(X), T5(X), T5(X) is a win for D, then

X is of the first category.
By Table 1, we know that if X is a win for D in 5, f‘é or 'S then also X does
not include a perfect subset. A little more can be said if ©5(X) is a win for D.

THeOREM 5.11. If fz(X) is a win for D, P is a perfect set, then there is
a perfect set P’ = P such that P’ N X = (5.

Proor. Let 7 be a winning strategy for D in TZ(X). Let J be any bis such that
KJ < P that obeys, say, the con (1/(n + 1):n < w) (see Definition 4.0). Define a
sequence <{r,:n < w) of natural numbers as follows: r, = 0, and for n>0:
r, = max {n(F,(&), Fy¢&")): &,& €2} (see Lemma 3.3, Definition 4.3). r, >0
forn > 0. Put k, = X,.,r; and define a con a® = {a,;: m < w) by: a,=1/(n+ 1),
ky S m S kyys

7 is actually a family {z,: a is a con} where 7,: 0* x Q* - { — 1,1} is a winning
strategy for D in ,,l"g(X). Put t’' = t,,. We shall define by induction a mapping
¢:2% 2% 5.€ Q% g, Q, a bis J' such that:

(0) for &, &'e2*, E <& If (O)< $(¢') and Ip(§) = 218

(1) 7n.is a t'-sequence (see the proof of Theorem 5.10)

(2 q: = t(ny) (see the proof of Theorem 35.8)

(3) n, obeys a® (see Definition 5.0)
@ q:€F (¢(©) = J(9(&) = J'(&) (see Definition 4.0, 4.3).

Let g4€ F)@) N Q be an arbitrary element, and put n, = {q,>¢(J) = J,
J' (D) = J(D).
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Assume that ¢(¢), 7, g, and J'(£) are already defined so that (0)-(4) hold for
te 2", Put

VI

Fy(¢(8) - <0,00) U F4(¢(%) - <1,1D)
Fy(@(9) - 0,15) UF (&) - <1,07).

It is clear that ;e CON V" <« CONV".

By Lemma 3.3, S has winning strategies o', ¢” in the games Gyo(V';q;;7n11),
Go(V";qs57nv 1) tespectively. Assuming that #, is obtained already, 7’ tells us
how D will play against ¢’, 6" in these games. We follow t’ in these games at most
Tn+1 Moves until two 7’-sequences 7;. oy, #s.¢15 that extend 5, are obtained so
that for <eq,&,), {eg,&1p €22 such that {ey,&,> precedes {ey,€;) lexicographi-
cally, we have, for g;. .,y = H1;.¢2>):

VII

-0y € F (D) - &p581))
91y € F 5 (P(E) + {0, 81)).

We put now (- <0D) = $&) - Cererds (€ - (1)) = $(©) - (egresy and
J'(& - <&)) = J(P(€ - {&))), e€2. Tt is clear that (0)-(4) are carried over. Now,
clearly P’ = KJ < KJcP. But if s P, then for some o€ 2%, {s}= N, <,J"(&n)).
Let se Q” be the unique element that extends 7, for all n; then s is a play in
a0 I'S(X) where 1’ is used, and its outcome is s. Since ' is a winning strategy, we
conclude that s¢ X. So, P'NnX =¢F.

Il

Observe that we actually proved the following:

THEOREM 5.11’. Let P be a perfect set. Then there is a con a such that for
every X < R, if,,l";(X) is a win for D, then there is a perfect subset P’ of P such
that PP NX =(F.

COROLLARY 5.12. If any of T'3(X), I(X) is a win for D, then every perfect set
P has a perfect subset P’ such that P'(\X =J.

By Theorem 5.5 and Remark 5.4, Theorem 5.11 is not true with ,,I“Qsor evenwith
o1 ¥ instead of fg. It is an open problem whether it is true with ,I'5, We conclude,
however, from Theorem 4.7 and the fact that every perfect set has 2% perfect
mutually disjoint subsets, that if ,I™*(X) is a win for D, then for every perfect P,

P — X has the power of the continuum.
A weakened form of Theorem 5.11 for ,I'3(X) follows from Theorem 5.10.
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COROLLARY 5.13. Let a be a con. IfaFS(X) is a win for D, then every nonempty
open interval has a perfect subset which is disjoint from X.

We summarize what we know of X given that ,T'3(X) or ,I"(X) is a win for D:

COROLLARY 5.14. Let a be a con. If either of ,T5(X), JLo(X) is a win for D then
X is of the first category and hence every nonempty interval has a perfect subset
that is disjoint from X. If T°(X) is a win for D then, in addition, every perfect
set has a subset of the power of the continuum that is disjoint from X.

We mention that the last statement does not hold with ,,I“g, by Theorem 5.5,

COROLLARY 3.15. If neither X nor R — X include a perfect suvbset, then X is
nondetermined in any of our games, an exception being T'° and Fg, where X is
a win for S.
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